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Abstract
We demonstrate the stability under subsequent-to-leading logarithm corrections of the quartic scalar-field
coupling constant λ and the running Higgs boson mass obtained from the (initially massless) effective potential
for radiatively broken electroweak symmetry in the single-Higgs-Doublet Standard Model. Such subsequent-to-
leading logarithm contributions are systematically extracted from the renormalization group equation considered
beyond one-loop order. We show λ to be the dominant coupling constant of the effective potential for the
radiatively broken case of electroweak symmetry. We demonstrate the stability of λ and the running Higgs boson
mass through five orders of successively subleading logarithmic corrections to the scalar-field-theory projection of
the effective potential for which all coupling constants except the dominant coupling constant λ are disregarded.
We present a full next-to-leading logarithm potential in the three dominant Standard Model coupling constants
(t-quark-Yukawa, αs, and λ) from these coupling constants’ contribution to two loop β- and γ-functions. Finally,
we demonstrate the manifest order-by-order stability of the physical Higgs boson mass in the 220–231 GeV range.
In particular, we obtain a 231 GeV physical Higgs boson mass inclusive of the t-quark-Yukawa and αs coupling
constants to next-to-leading logarithm order, and inclusive of the smaller SU(2)×U(1) gauge coupling constants
to leading logarithm order.
1 Introduction
The motivation for radiative electroweak symmetry breaking, as first considered by Coleman and Weinberg [1],
draws its roots all the way back to the first formulation of the hierarchy problem [2] for embedding an SU(2)×U(1)
electroweak gauge theory within a large grand unified theory. As Sher points out in his review of radiative symmetry
breaking [3], any scalar field mass term within the SU(2)×U(1) Lagrangian would necessarily be expected to have a
magnitude sensitive to GUT-level mass scales via higher order processes involving the embedding theory. However,
indirect empirical bounds [4] do not accommodate a Higgs boson mass appreciably larger than the electroweak
vacuum expectation value v = 246 GeV. Such a scalar field mass in conventional spontaneous symmetry breaking
could occur only if the scalar-field mass term in the electroweak Lagrangian were exceedingly finely tuned to cancel
off GUT-level scales from successive perturbative corrections arising within the embedding theory. A more natural
approach would be to assume that the embedding theory includes some symmetry (e.g. conformal invariance) that
serves to protect the scalar-field mass term from such GUT-scale corrections.
Radiative symmetry breaking assumes this protective symmetry is exact—that no scalar-field mass term appears
in the electroweak Lagrangian. In the absence of such a mass term, Coleman and Weinberg [1] found the one loop
electroweak effective potential to be of the form
V
(1L)
eff = φ
4
[
λ
4
+
9g42 + 6g
′2g22 + 3g
′4 + 192λ2 − 48g4Y
1024π2
log
(
φ2
µ2
)
+K
]
, (1.1)
where λ is the quartic scalar-field interaction coupling constant, g2 and g
′ are the SU(2) × U(1) gauge interaction
coupling constants, gY is the dominant electroweak Yukawa coupling constant, µ is an arbitrary renormalization scale
necessarily occurring as a by-product of the removal of infinities from 1 loop graphs, and K is the finite coefficient
of φ4 after such O(φ4) infinities have been subtracted.
∗Department of Applied Mathematics, The University of Western Ontario, London, Ontario N6A 5B7, Canada
†Department of Applied Mathematics, The University of Western Ontario, London, Ontario N6A 5B7, Canada
‡Department of Physics, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada
§Department of Applied Mathematics, The University of Western Ontario, London, Ontario N6A 5B7, Canada
¶Department of Physics and Engineering Physics, University of Saskatchewan, Saskatoon, SK, S7N 5E2, Canada
1
At the time of Coleman and Weinberg’s paper, there was no evidence for a massive t-quark; the magnitude of gY
could be reasonably assumed to be comparable to the b-quark Yukawa coupling constant g2b = 2(mb/v)
2 ∼= 8 · 10−4.
Any such comparable g2Y would be ignorable relative to the corresponding electroweak gauge coupling constants
g22 = e
2/ sin2 θw ∼= 0.44, g′2 = e2/ cos2 θw ∼= 0.13. Thus the gauge coupling constant terms were anticipated to
dominate the opposite-sign Yukawa coupling constant term in the coefficient of the logarithm in (1.1).
Coleman and Weinberg chose to determine the finite counterterm K by insisting that µ be the scale at which
d4V 1Leff/dφ
4 coincides with d4Vtree/dφ
4 = 6λ. Ignoring gY they found that
K = −25
6
[
9g42 + 6g
′2g22 + 3g
′4 + 192λ2
1024π2
]
. (1.2)
Since d4V
(1L)
eff /dφ
4 is infinite at φ = 0, Coleman and Weinberg necessarily had to choose a non-zero value of φ to
serve as the scale of V
(1L)
eff . By identifying this scale with the electroweak vacuum expectation value v, i.e. by
identifying the arbitrary parameter µ in Eq. (1.1) with the electroweak minimum v, one finds from the requirement
dV
(1L)
eff /dφ|v = 0 that
λ =
11
256π2
[
3g42 + 2g
′2g22 + g
′4 + 64λ2
]
, (1.3)
where all coupling constants in (1.3) are evaluated at the vev scale [i.e., λ = λ(v)]. Although (1.3) is formally a
quadratic equation in λ, Coleman andWeinberg noted the existence of a small λ solution
[
λ ∼= 11256π2
[
3g42 + 2g
′2g22 + g
′4
]]
for which radiative symmetry breaking would be perturbatively viable.
This approach, however, fails upon incorporation of the physical t-quark’s Yukawa couplant: g2Y = g
2
t =
2(mt/v)
2 ∼= 1.0 in Eq. (1.1). Then the opposite-sign Yukawa coupling-constant term is seen to dominate the gauge
coupling-constant terms, in which case equations (1.2) and (1.3) get replaced by relations
K ∼= − 25
128π2
[
4λ2 − g4t
]
, (1.4)
λ ∼= 11
16π2
[
4λ2 − g4t
]
. (1.5)
As noted in ref. [5], there is no solution to (1.5) for λ sufficiently small to be perturbatively viable. However, this does
not mean that radiative electroweak symmetry breaking is impossible for empirical electroweak coupling constants.
Rather, it means that the one-loop effective potential (1.1) is an inappropriate choice for radiative electroweak
symmetry breaking; leading-logarithm two-loop electroweak potential terms are comparable or larger than one-loop
terms [3]. In refs. [5] and [6] it is argued that a potential based upon the summation of its leading-logarithm
contributions leads not only to a Higgs boson mass within indirect empirical bounds [6], but also to a substantially
reduced value for λ that may be sufficiently small for perturbative stability of the physics extracted from the effective
potential under its subsequent-to-leading-logarithm corrections.
In the present paper we address this issue by showing reasonable stability of the predictions of refs. [5] and
[6] under subsequent-to-leading-logarithm corrections obtained via known renormalization-group functions for the
electroweak couplings. On a more general level, the present paper demonstrates how to formulate radiative symmetry
breaking for effective potentials subject to a large destabilizing Yukawa couplant. This is of value even if our specific
choice of electroweak potential, which is considered in the present paper to arise from a single Higgs doublet, is
incorrect. We have seen how a large Yukawa couplant necessarily eliminates any small λ (i.e. λ ∼ g42) solution. The
formulation of predictive results from radiative symmetry breaking when λ is not fortuitously small, as in ref. [1],
but rather the dominant couplant in the effective potential, is important both for electroweak symmetry breaking
and for cosmological applications [7].
To develop these ideas further, we first review in Section 2 the leading logarithm results of refs. [5] and [6]. These
results, incorporating the largest Standard Model couplants
x = g2t (v)/4π
2, y = λ(v)/4π2, z = αs(v)/π, (1.6)
r = g22(v)/4π
2, and s = (g′(v))
2
/4π2, (1.7)
are indicative of a Higgs boson mass of 218 GeV, in conjunction with the dominance of the scalar self-interaction
couplant y over all other Standard Model couplants.
In Section 3, we consider the scalar field theory projection (SFTP) of the effective potential, the approximation in
which all Standard Model couplants except y are ignored. Such a theory has renormalization group functions βy(y)
2
and γ(y) that are known to 5-loop order. We are therefore able to construct successive approximations to the full
SFTP involving the summation of leading and four successively subleading logarithms in the full effective potential
series.
Since the SFTP is not scale-free (by virtue of gauge-sector interactions, its vacuum expectation value v is con-
strained to satisfy MW = g2v/2, or alternatively, v = G
−1/2
F 2
−1/4), we are able to calculate the running Higgs
boson mass [V ′′(v)]
1/2
for each successive order. We find surprisingly that the leading logarithm SFTP reproduces
quite closely the full leading logarithm results of Section 2, despite the deliberate omission of other Standard Model
couplants {x, z, r, s} from the SFTP potential.
In Section 4, we develop an explicit set of successive subleading-logarithm approximations to the full SFTP
potential. We then demonstrate for this potential that the running Higgs boson mass [V ′′(v)]
1/2
(∼= 226 GeV) and
the scalar field self-interaction couplant y(v)(∼= 0.054) are remarkably stable as the order of these approximations
increases.
In Section 5, we demonstrate how known two-loop renormalization group functions involving the dominant Stan-
dard Model couplants {x, y, z} can be utilized to obtain leading and next-to-leading logarithm corrections to the
SFTP resulting from “turning on” the t-quark Yukawa interaction. Thus, we are able to include the next-to-leading
logarithm corrections to the leading-logarithm potential of refs. [5] and [6].
In Section 6 we find such corrections alter the running Higgs boson mass obtained from the SFTP potential by
only a few GeV, depending upon the order of the SFTP employed. In particular, we find the fully NLL extension
of LL effective potential expressed in terms of dominant SM couplants x, y, z [5, 6] leads to a running Higgs boson
mass of 228 GeV and a corresponding couplant y(v) = 0.0531.
Finally, in Section 7, we discuss further aspects of subleading logarithm corrections to the effective potential series.
We first consider augmentation of the results of Section 6 by the leading-logarithm contributions of the relatively
small electroweak gauge couplants r and s to the effective potential. Upon incorporation of these contributions, the
running Higgs boson mass is found to be quite stable at 224 GeV over successive orders of SFTP scaffolding. The
couplant y(v) ∼= 0.054 is similarly shown to exhibit stability over four SFTP orders. The fully NLL results in {x, y, z}
described in the previous paragraph are altered slightly upon incorporation of LL corrections in {r, s} to a Higgs
boson mass of 231 GeV, with y(v) = 0.054. We also show that the physical Higgs boson mass differs by less than
0.3 GeV from the mass obtained from the effective potential taken to NLL order in contributions from gt and αs,
and to LL order in contributions from the SU(2)×U(1) gauge coupling constants. We discuss the phenomenological
differences anticipated between radiatively and conventionally broken electroweak symmetry. We find surprising
lowest-order agreement between both approaches for a number of processes [WW → (ZZ,WW ); H → (ZZ,WW )],
though we do find an enhancement of two-Higgs scattering processes like WW → HH for the radiative case over the
conventional symmetry breaking case. We conclude with a summary of the methodology employed toward obtaining
order-by-order stability in the physics extracted from radiative electroweak symmetry breaking.
2 Review of Leading Logarithm Results
In refs. [5, 6], the summation of leading-logarithm contributions to the effective potential of the Standard Model is
expressed in terms of its dominant three couplants
x = g2t (v)/4π
2 = 0.0253, y = λ(v)/4π2, z = αs(v)/π = 0.0329, (2.1)
where v = 〈φ〉, the vacuum expectation value. The leading logarithm contribution is of the series form
π2φ4SLL = π
2φ4
{
∞∑
n=0
xn
∞∑
k=0
yk
∞∑
ℓ=0
zℓCn,k,ℓL
n+k+ℓ−1
}
, (2.2)
L ≡ log(φ2/v2), C0,0,0 = C1,0,0 = C0,0,1 = 0, C0,1,0 = 1.
This effective potential is shown in ref. [6] to include explicitly the one loop contributions C0,2,0 = 3, C2,0,0 = −3/4
[all other Ci,,j,k with i+j+k = 2 are equal to zero] derived from Feynman graphs in ref. [1]. All remaining coefficients
Cn,k,ℓ in (2.2) are determined by the renormalization group (RG) equation, in which all RG functions are evaluated
to one-loop order:[
(−2− 2γ) ∂
∂L
+ βx
∂
∂x
+ βy
∂
∂y
+ βz
∂
∂z
− 4γ
]
S = 0. (2.3)
Only one-loop RG functions enter, because SLL is determined in full by those contributions to the differential
operator on the left hand side of (2.3) that either lower the degree of L by one or raise the aggregate power of
3
couplants by one [5, 6]. The leading logarithm effective potential may be expressed as a power series in the logarithm
L:1
Veff = π
2φ4 (SLL +K) = π
2φ4
(
A+BL + CL2 +DL3 + EL4 + . . .
)
, (2.4)
where the constant K includes all finite φ4 counterterms remaining after divergent contributions from φ4 graphs
degree-2 and higher in couplant powers are removed. Thus the purely φ4 coefficient A is equal to y + K, and
coefficients {B,C,D,E} are explicitly obtained in refs. [5, 6] via Eq. (2.3) as degree {2, 3, 4, 5} polynomials in the
couplants x, y, z. The unknown couplant y(v) and finite counterterm π2Kφ4 in Veff are numerically determined by
the simultaneous application of Coleman and Weinberg’s renormalization conditions [1], which impose a minimum
at φ = v and which define the quartic scalar-field interaction couplant λ at φ = v: 2
V ′eff (v) = 0⇒ K = −B/2− y, (2.5)
V
(4)
eff (v) =
d4
dφ4
(
λφ4
)
= 24π2y ⇒ y = 11
3
B +
35
3
C + 20D+ 16E. (2.6)
In terms of the dominant three couplants (2.1), one finds from Eqs. (2.5) and (2.6) that
K = −y + 3x2/8− 3y2/2 (2.7)
y =
[
11y2 − 11
4
x2
]
+
[
105y3 +
105
4
(
xy2 − x2y)+ 35
2
x2z − 105
32
x3
]
+
[
540y4 + 270xy3 − 30xy2z + 60x2yz − 1125
8
x2y2 − 115
2
x2z2 +
75
4
x3z − 225
4
x3y +
495
64
x4
]
+
[
1296y5 + 972xy4 − 144xy3z + 45
2
xy2z2 − 69x2yz2 − 270x2y3 + 531
4
x2y2z +
345
4
x2z3
−603
16
x3z2 +
207
2
x3yz − 8343
32
x3y2 − 459
32
x4z +
135
32
x4y +
837
64
x5
]
,
(2.8)
where x = x(v) = 0.0253 and z = z(v) = 0.0329 in the above two equations. Thus equation (2.8) is a fifth order
polynomial equation for y(≡ y(v)), with solutions y = {0.0538, −0.278, −0.00143}. Since y must be a positive-
definite couplant, only the first of these solutions is viable (y(v) = 0.053829), in which case the finite counterterm
K is found from Eq. (2.7) to be −0.057935. The running Higgs boson mass [9], which is defined from the second
derivative of the effective potential at its minimum v,
m2H = V
′′
eff (v) = 8π
2v2(B + C), (2.9)
is found from the physical values (2.1) for x(v) and z(v) and the numerical solution to Eq. (2.8) y(v) = 0.0538 to be
mH = 216 GeV.
When one augments the dominant couplants (2.1) with the next-largest couplants in the Standard Model, the
electroweak gauge couplants
r = [g2(v)]
2
/4π2 = 0.0109, s = [g′(v)]
2
/4π2 = 0.00324, (2.10)
one finds from the additional r- and s-dependent contributions to {B,C,D,E}, as listed in the erratum to ref. [6],
that the numerical solution to Eq. (2.6) for y(v) is altered slightly from 0.05383 to 0.05448. Correspondingly, we find
from Eq. (2.5) that the finite counterterm K is also altered from −0.0579 to
K = −y + 3x2/8− 3y2/2− 3s2/128− 9r2/128− 3rs/64 = −0.058703. (2.11)
Most importantly, however, the running Higgs boson mass (2.9) is elevated only minimally (mH = 218 GeV) from its
216 GeV value when electroweak gauge couplants are omitted. Thus, the leading logarithm effective potential (2.2)
results appear to be stable under the incorporation of the leading additional subdominant electroweak couplants,
i.e., the electroweak gauge couplants themselves.
The question that remains, however, is whether the value determined for y(v) (= 0.0545) is sufficiently small
for these leading-logarithm predictions to be reasonably stable under subsequent-to-leading-logarithm corrections
1We also note that the RG equation (2.3) can be applied directly to the expression Eq. (2.4) as in [8].
2For the one-loop potential of Coleman and Weinberg (in which C = D = E = 0), these conditions imply that K = −25B/6,
y = 11B/3, consistent with Eqs. (1.2) and (1.3).
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to the scalar field potential. The couplant y(v) is clearly still the dominant electroweak couplant in the radiative
symmetry-breaking scenario, as is evident by comparison to couplants x and z [Eq. (2.1)]. Indeed, such a value for y
(= λ/4π2) would correspond to having a Higgs boson mass of 510 GeV in a conventional symmetry breaking scenario.
Nevertheless, the two-loop terms in known electroweak RG functions are still seen to be substantially smaller than
the one-loop terms when y(v) = 0.0545 [5], suggesting that corrections to y and mH from subsequent-to-leading
logarithms may be controllable in radiatively broken electroweak symmetry.
3 The Scalar Field Theory Projection of Veff
To address the stability of leading logarithm results for electroweak symmetry breaking, it is useful to first consider
the scalar-field-theory projection (SFTP) of the electroweak effective potential. This projection corresponds to
the potential one obtains by omitting all standard model (SM) couplants except for the dominant scalar-field self-
interaction couplant y. Such an approach is analogous to the usual SM procedure for processes (such as R(s))
involving both strong and electroweak perturbative corrections: one first evaluates QCD corrections in isolation,
since αs is the dominant coupling constant, prior to introducing SM corrections from subdominant electroweak
gauge coupling constants.
The summation-of-leading-logarithms SFTP for radiative electroweak symmetry breaking is known to all orders
in the couplant y, and is given in closed form as the x = 0 limit of Eq. (6.1) in ref. [6]:
V LLSFTP = π
2φ4
[
y
1− 3yL +K
]
. (3.1)
The constant K is the residual coefficient of φ4 after infinities from multiloop φ4 graphs have been subtracted. Thus
K is inclusive of all finite counterterms degree-2 and higher in y. Curiously, one finds by applying the condition (2.6)
to the series expansion of (3.1),
y = 11y2 + 105y3 + 540y4 + 1296y5, (3.2)
that a solution y = 0.054135 exists quite close to the one quoted in the previous section (y = 0.0545) when nonzero
physical values are included for the subdominant electroweak couplants x, z, r and s. Similarly, one finds from the
condition (2.5) thatK = −y−3y2/2 = −0.05853, in close agreement with the aggregate counterterm coefficient (2.11)
when the same subdominant electroweak couplants are included. Although we are approximating all subdominant
electroweak couplants to be zero in the SFTP potential, this potential is not scale-free; a physical vev-scale v =
2−1/4G
−1/2
F still arises from the SM gauge sector. We require the vacuum expectation value of the SFTP potential
to be at v = 246.2 GeV, and then find from Eq. (2.9) that mH = 221.2 GeV [B = 3y
2, C = 9y3, y = 0.054135],
only a small departure from the 218 GeV result [6] obtained when the subdominant couplants x, z, r, s are no
longer omitted, but “turned on” from zero to their physical values (0.0253, 0.0329, 0.0109, 0.00324, respectively).
These results demonstrate that the SFTP approximation is a surprisingly good one for leading-logarithm radiative
electroweak symmetry breaking— that y is truly the driving couplant for obtaining the leading-logarithm results
summarized in the previous section.
To carry the SFTP approximation (in the absence of an explicit scalar-field mass term) past leading-logarithms,
we first note that the SFTP all-orders potential takes the form of a perturbative field theoretic series (y = λ/4π2,L =
log(φ2/µ2))
VSFTP = π
2φ4SSFTP , SSFTP = y +
∞∑
n=1
n∑
m=0
Tn,my
n+1Lm. (3.3)
Leading-logarithm contributions to this series involve coefficients Tn,n = 3
n, as is evident from the leading-logarithm
potential (3.1). Thus, the potential (3.1) includes only m = n terms of VSFTP (3.3), as well as n ≥ 1 ,m = 0, φ4-
counterterms absorbed inK. If L → L (i.e. µ→ v), we see that the potential (3.1) is the leading logarithm projection
of the full SFTP potential (3.3), provided that the finite φ4 counterterm coefficient K in Eq. (3.1) corresponds to
the aggregate contribution of all purely φ4-terms in VSFTP that are degree-2 and higher in y:
K =
∞∑
n=1
yn+1Tn,0. (3.4)
In other words, the finite counterterm coefficient K in Eq. (3.1) is inclusive of all terms in the full SFTP potential
that can contribute to it.
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The invariance of VSFTP under changes in the renormalization scale µ implies that SSFTP satisfies the RGE[
(−2− 2γ) ∂
∂L + βy
∂
∂y
− 4γ
]
S = 0, (3.5)
where RG functions βy and γ have been calculated to 5-loop order for global O(N) symmetric scalar field theory
[10]. The SM RG functions in the SFTP of the single Higgs effective potential are just the N = 4 case of this theory:
βy = 6y
2 − 39
2
y3 + 187.855y4 − 2698.27y5+ 47974.7y6 + . . . (3.6)
γ =
3
8
y2 − 9
16
y3 +
585
128
y4 − 49.8345y5+ . . . (3.7)
The series SSFTP in the full potential (3.3) may be rewritten in terms of sums of leading (S0) and successively
subleading (S1, S2, . . .) logarithms:
SSFTP = yS0(yL) + y2S1(yL) + y3S2(yL) + y4S3(yL) + . . . ; Sk(u) ≡
∞∑
n=k
Tn,n−ku
n−k. (3.8)
Given u = yL, we employ the methods of ref. [11] to obtain successive differential equations for Sk(u), first by
substituting Eq. (3.8) into the RG equation (3.5), and then by organizing the RG equation in powers of y:
O(y2) : 2(1− 3u)dS0
du
− 6S0 = 0, S0(0) = T0,0 = 1; (3.9)
O(y3) : 2(1− 3u)dS1
du
− 12S1 = −21S0 − 39
2
u
dS0
du
, S1(0) = T1,0; (3.10)
O(y4) : 2(1− 3u)dS2
du
− 18S2 = 190.105S0 − 3
4
dS0
du
+ 187.855u
dS0
du
− 81
2
S1 − 39
2
u
dS1
du
, S2(0) = T2,0;
(3.11)
O(y5) : 2(1− 3u)dS3
du
− 24S3 =− 2716.55S0 + 9
8
dS0
du
− 2698.27udS0
du
+ 377.959S1 − 3
4
dS1
du
+ 187.855u
dS1
du
− 60S2 − 39
2
u
dS2
du
, S3(0) = T3,0;
(3.12)
O(y6) : 2(1− 3u)dS4
du
− 30S4 =48174.1S0 − 585
64
dS0
du
+ 47974.7u
dS0
du
− 5414.81S1+ 9
8
dS1
du
− 2698.27udS1
du
+ 565.814S2 − 3
4
dS2
du
+ 187.855u
dS2
du
− 159
2
S3 − 39
2
u
dS3
du
, S4(0) = T4,0.
(3.13)
Equations for summations Sk with k > 4 require the knowledge of 6-loop-and-higher terms in the RG functions (3.6)
and (3.7).
Initial conditions for all but S0 are dependent on finite coefficients Tk,0 (k > 0) of φ
4 after infinities are subtracted.
Such coefficients will be determined via successive applications of Eq. (2.5). The solution to Eq. (3.9) is
S0(u) =
1
1− 3u, (3.14)
recovering (u = yL) the leading logarithm sum within the potential (3.1). Similarly one finds explicit solutions to
Eqs. (3.10)–(3.13) to be
S1(u) =
4T1,0 − 3u+ 13 log(1− 3u)
4(1− 3u)2 , (3.15)
(1− 3u)3S2(u) =T2,0 + 9u
2
4
+ u
(
−3
4
T1,0 + 59.8023
)
+
13
16
(1− 3u) log(1− 3u)
+
(
13
2
T1,0 − 195
16
)
log(1 − 3u) + 169
16
[log(1− 3u)]2 .
(3.16)
(1− 3u)4S3(u) =T3,0 +
(
−3
4
T2,0 − 1047.88 + 120.917T1,0
)
u+
(
9
4
T1,0 + 1190.26
)
u2 + 28.6798u3
+
[
101.754+
39
4
T2,0 − 351
16
T1,0 +
(
401.512− 39
8
T1,0
)
u+
117
16
u2
]
log (1− 3u)
+
(
−11661
128
− 507
64
u+
507
16
T1,0
)
[log (1− 3u)]2 + 2197
64
[log (1− 3u)]3
(3.17)
6
(1− 3u)5S4(u) =T4,0 +
(
19636.1− 3
4
T3,0 + 182.032T2,0− 2089.57T1,0
)
u
+
(
−44052.4+ 2409.76T1,0+ 9
4
T2,0
)
u2 + (28.6798T1,0+ 42536.2)u
3 + 1085.32u4
+
{
93.2095u3+
(
117
8
T1,0 + 7806.13
)
u2
+
(
−8938.02+ 1199.66T1,0− 117
16
T2,0
)
u
+ 202.290T1,0− 1465.37+ 13T3,0 − 65
2
T2,0
}
log (1− 3u)
+
{
1521
64
u2 +
(
−1521
64
T1,0 + 1991.04
)
u
+1174.97− 7943
32
T1,0 +
507
8
T2,0
}
[log (1− 3u)]2
+
{
−6591
256
u− 195533
384
+
2197
16
T1,0
}
[log (1− 3u)]3 + 28561
256
[log (1− 3u)]4
(3.18)
Obtaining Sk(u) with k > 4 requires knowledge past 5-loop order terms in the RG functions (3.6) and (3.7), as
noted above. We see, however, that if µ is chosen to equal the electroweak vev scale v = 246.2 GeV, the all-orders
SFTP potential (3.3) may be expressed in the form [L = logφ2/v2 as before; y = y(v)]
VSFTP = π
2φ4y
[
S0(yL) + yS1(yL) + y
2S2(yL) + y
3S3(yL) + y
4S4(yL) + . . .
]
(3.19)
where Sk(yL) is given by the final expression of Eq. (3.8).
4 Successive Approximations to the Full SFTP Potential
The all-orders SFTP Potential, expressed as the double summation (3.3) with L → L (µ → v) may be approached
by successive summations of subleading logarithms [LL ≡ leading-log, NkLL ≡ (next-to-)k-leading log] contributing
to the complete perturbative series (3.16):
VLL = π
2φ4y
[
∞∑
n=0
Tn,n(yL)
n + yT1,0 + y
2T2,0 + y
3T3,0 + y
4T4,0 + . . .
]
= π2φ4 [yS0(yL) +K] (4.1)
VNLL = π
2φ4y
[
∞∑
n=0
Tn,n(yL)
n + y
∞∑
n=1
Tn,n−1(yL)
n−1 + y2T2,0 + y
3T3,0 + y
4T4,0 + . . .
]
= π2φ4
[
y S0(yL) + y
2 S1(yL) + (K − y2 T1,0)
]
,
(4.2)
VN2LL = π
2φ4y
[
∞∑
n=0
Tn,n(yL)
n + y
∞∑
n=1
Tn,n−1(yL)
n−1 + y2
∞∑
n=2
Tn,n−2(yL)
n−2 + y3T3,0 + y
4T4,0 + . . .
]
= π2φ4
[
yS0(yL) + y
2S1(yL) + y
3S2(yL) +
(
K − y2T1,0 − y3T2,0
)]
,
(4.3)
VNkLL = π
2φ4
[
k∑
p=0
yp+1Sp(yL) +K −
k+1∑
q=2
yqTq−1,0
]
, (k ≥ 1) (4.4)
Note from Eq. (3.4) for K that the expression (3.19) for the full SFTP potential is just the k →∞ limit of Eq. (4.4):
lim
k→∞
VNkLL = π
2φ4
[
∞∑
p=0
yp+1Sp(yL) +
(
K −
∞∑
q=2
yqTq−1,0
)]
= VSFTP (4.5)
Indeed, we have chosen to express K by Eq. (3.4) in order to assure the consistency of the limit (4.5) with VSFTP .
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We have already seen in the previous section that the series expansion of Eqs. (4.1) and (3.14)
VLL = π
2φ4
[
y +K + 3y2L+ 9y3L2 + 27y4L3 + 81y5L4 + . . .
]
(4.6)
yields the results y = 0.054135, K = −0.058531, and a running Higgs mass [V ′′LL(v)]1/2 = 221.2 GeV. The corre-
sponding NLL series expansion of Eq. (4.2), as obtained from series expansions of summations (3.14) and (3.15), is
given by
VNLL = π
2φ4
[
y +K + BNLLL+ CNLLL
2 +DNLLL
3 + ENLLL
4 + . . .
]
(4.7)
where the NLL numerical value for y is obtained via the series coefficients
BNLL(yNLL) = 3y
2
NLL + 3y
3
NLL(4T1,0 − 7)/2 (4.8)
CNLL(yNLL) = 9y
3
NLL + (27T1,0 − 621/8)y4NLL (4.9)
DNLL(yNLL) = 27y
4
NLL + 9(−89 + 24T1,0)y5NLL/2 (4.10)
ENLL(yNLL) = 81y
5
NLL + 27(240T1,0 − 1049)y6NLL/16. (4.11)
Substitution of Eq. (4.8) into the condition (2.5) that ensures minimization of the NLL potential at φ = v yields the
following equation for T1,0 in terms of K and the NLL value for y:
T1,0 = −
(
4K − 21y3NLL + 6y2NLL + 4yNLL
)
/12y3NLL. (4.12)
Similarly, one can substitute Eqs. (4.7)–(4.11) into Eq. (2.6) to find
yNLL =
11
3
BNLL +
35
3
CNLL + 20DNLL + 16ENLL. (4.13)
Given the already-determined numerical value for the aggregate φ4 counterterm coefficient K = −0.058531, we
see that Eq. (4.12) can be substituted into each series term (4.8)–(4.11) within Eq. (4.13) to yield a sixth order
polynomial equation for yNLL. One finds only one real positive solution to this equation, yNLL = 0.053812 (we
discard as spurious a negative real solution y = −0.176 as well as complex solutions). This solution exhibits a
controllably small deviation from yLL = 0.054135 obtained from the LL approximation to the SFTP potential in the
previous section. We then find from Eq. (4.12) a numerical value for T1,0 = 2.5521, in which case BNLL (4.8) and
CNLL (4.9) have numerical values 0.0094373 and 0.0013294, respectively. Upon substitution of these NLL numerical
values into Eq. (2.9) for the running Higgs boson mass, we find that (V ′′NLL(v))
1/2
= 227 GeV, a controllable departure
from the 221.2 GeV LL result of the previous section.
This entire procedure can be repeated for N2LL, N3LL and N4LL versions of the SFTP potential. For the
N2LL case, one finds from Eq. (4.3) that
AN2LL(yN2LL) = yN2LL +K (4.14)
BN2LL(yN2LL) = BNLL(yN2LL) + y
4
N2LL
(
9T2,0 − 81
4
T1,0 + 93.9273
)
(4.15)
CN2LL(yN2LL) = CNLL(yN2LL) + y
5
N2LL
(
54 T2,0 − 423
2
T1,0 + 1001.16
)
(4.16)
DN2LL(yN2LL) = DNLL(yN2LL) + y
6
N2LL
(
270T2,0 − 5661
4
T1,0 + 6872.92
)
(4.17)
EN2LL(yN2LL) = ENLL(yN2LL) + y
7
N2LL
(
1215T2,0 − 61641
8
T1,0 + 38397.6
)
(4.18)
We find from Eq. (2.5) [i.e. from K = −yN2LL −BN2LL(yN2LL)/2] that
18y4T2,0 = −4(y +K) + 6y2 + y3 (12T1,0 − 21) + y4
(
−81
2
T1,0 + 187.855
)
(4.19)
where all y’s appearing in Eq. (4.19) are understood to be yN2LL. Since φ
4-counterterm coefficients K and T1,0 have
already been numerically determined to be −0.058531 and 2.5521, respectively, and since
yN2LL =
11
3
BN2LL(yN2LL) +
16
3
CN2LL(yN2LL) + 20DN2LL(yN2LL) + 16EN2LL(yN2LL) (4.20)
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by application of Eq. (2.6) to the N2LL potential (4.3), we see that Eqs. (4.19) and (4.20) represent two equations in
two unknowns: yN2LL and T2,0. The smallest (and only viable) positive real solution for yN2LL is 0.05392, in which
case T2,0 = −8.1770. We then substitute these values, as well as the prior determination of T1,0 = 2.5521, into B
and C within Eq. (2.9) to find that the N2LL running Higgs boson mass is
(
V ′′N2LL(v)
)1/2
= 225.0 GeV. Thus it is
clear that yN2LL and the N
2LL Higgs boson mass are controllable departures from their LL counterparts.
For completeness, we list below the corresponding results for N3LL and N4LL version of the SFTP potential as
obtained from series solutions to Eqs. (3.12) and (3.13):
BN3LL = BN2LL + y
5 (12T3,0 − 30T2,0 + 186.730T1,0− 1352.65) (4.21)
CN3LL = CN2LL + y
6
(
90 T3,0 − 3231
8
T2,0 + 2641.53T1,0− 17523.9
)
(4.22)
DN3LL = DN2LL + y
7
(
540T3,0 − 13257
4
T2,0 + 22690.0T1,0− 143.417× 103
)
(4.23)
EN3LL = EN2LL + y
8
(
2835T3,0 − 342387
16
T2,0 + 152.644× 103 − 937.659× 103
)
(4.24)
BN4LL −BN3LL = y6
(
15 T4,0 − 159
4
T3,0 + 279.532 T2,0 − 2696.44 T1,0 + 24032.2
)
, (4.25)
CN4LL − CN3LL = y7
(
135 T4,0 − 2619
4
T3,0 + 4933.79 T2,0 + 44780.1 T1,0 + 360.414× 103
)
, (4.26)
DN4LL −DN3LL = y8
(
945T4,0 − 25443
4
T3,0 + 50885.5T2,0− 446.879× 103 T1,0 + 337.923× 104
)
, (4.27)
EN4LL − EN3LL =y9
(
5670T4,0 − 94959
2
T3,0 + 400.145× 103 T2,0
− 345.173× 104T1,0 + 250.285× 105
)
.
(4.28)
At the N3LL level, the condition K = −yN3LL −BN3LL(yN3LL)/2 implies that
24y5 T3,0 =− 4(y +K) + 6y2 + y3 (12T1,0 − 21) + y4
(
−81
2
T1,0 + 187.855
)
+ y5 (60 T2,0 − 373.459 T1,0 + 2705.30) ,
(4.29)
where y = yN3LL. Given the previously determined numerical valuesK = −0.058531, T1,0 = 2.5521, T2,0 = −8.1770,
and the constraint (2.6) for yN3LL in terms of {B,C,D,E}N3LL, we find that the smallest positive real root for yN3LL
is yN3LL = 0.05385, in which case T3,0 = 83.211 and
[
V ′′N3LL(v)
]1/2
= 226 GeV.
At the N4LL level, the condition K = −yN4LL −BN4LL(yN4LL)/2 implies that
30y6 T4,0 =− 4(y +K) + 6y2 + y3 (12T1,0 − 21) + y4
(
−81
2
T1,0 + 187.855
)
+ y5 (60 T2,0 − 373.459 T1,0 + 2705.30)
+ y6
(
159
2
T3,0 − 559.064T2,0+ 5392.87T1,0− 48064.4
)
,
(4.30)
where y = yN4LL. Upon substituting K = −0.058531, T1,0 = 2.5521, T2,0 = −8.1770, T3,0 = 83.211 into Eqs.
(4.21)–(4.28), we then find from Eq. (2.6) that the only sufficiently small positive root (in fact, the smallest positive
root) for yN4LL is yN4LL = 0.05391. We then find from Eq. (4.26) that T4,0 = −1141.8, and that
[
V ′′N4LL(v)
]1/2
= 225
GeV.
These results for the SFTP potential are summarized in Table 1. There is striking order-by-order stability in the
predictions obtained for y (∼= 0.054) and for the running Higgs boson (221–227 GeV). In the next section we will
demonstrate how these predictions are only minimally altered by “turning on” the t-quark Yukawa couplant x and
the QCD couplant z to their physical values (2.1).
To conclude this Section, we consider the impact of a perturbation from a conventional-symmetry breaking
quadratic term on the above predictions. This additional tree-level contribution to the effective potential has the
9
k y Tk,0 [V
′′(v)]1/2
0 0.05414 1 221.2
1 0.05381 2.552 227.0
2 0.05392 -8.117 224.8
3 0.05385 83.21 226.3
4 0.05391 -1142 225.0
Table 1: Results for the SFTP potential taken to N4LL order, as discussed in Section 4. Tk,0 (k ≥ 1) is the coefficient
of the finite π2φ4yk+1 counterterm contributing to the SFTP potential. The final column is in GeV units.
form
∆V (2) = −1
2
M2φ2 , (4.31)
and as noted in [1, 3], this term generates an imaginary part in the effective potential for small values of φ at
one-loop order. However, near the electroweak scale φ = v [the scale at which the effective potential has a minimum
(2.5), renormalization conditions are applied (2.6), and the Higgs mass is defined (2.9)], this quadratic term can be
treated as a perturbation. Expanding the one-loop results of [3] to leading order in ǫ =M/v results in the following
perturbation to the effective potential
∆V
(2)
eff = −
1
2
ǫ2v2φ2 +
1
16
yǫ2v2φ2
[−6 (1 + log 3)− 12 log (4π2yφ2/v2)] . (4.32)
We note that implicit in this expansion is the restrictionM2 ≪ λv2 arising from expansion of logarithmic terms such
as log
(−M2 + λφ2), which clearly excludes the conventional-symmetry-breaking (CSB) regime M2 = λv2, and thus
(4.32) truly represents a perturbation to the radiative scenario from a CSB mass term. Combining (4.32) with the
SFTP leading-logarithm results allows us to examine the numerical effect of the perturbation on the leading-logarithm
(k = 0) results of Table 1. For ǫ = 0.1 (i.e., M ≈ 25GeV), y decreases slightly to y = 0.05392 and mH increases
marginally to mH = 223.4GeV. Even for ǫ = 0.2 (M ≈ 50GeV), which results in y = 0.05328 and mH = 229.8GeV,
the effect ∆mH ∼ 10GeV on the Higgs mass is still far less than the CSB expectation ∆mH ∼ M ≈ 50GeV. We
thus conclude that the LL radiatively-broken SFTP scenario is not destabilized by a perturbation from a CSB mass
term in the effective potential.
5 Turning on the Yukawa Sector
The subdominant electroweak couplants x and z (2.1) provide the largest alteration to the SFTP potential. If x = 0
(i.e., if there is no Yukawa coupling), then there is no way for z, the QCD quark-gluon coupling, to enter the
potential. Diagrammatically, z enters the potential beginning at two-loop order as a virtual gluon exchange within
a t-quark loop.
If we augment the SFTP potential with contributions from the subdominant electroweak couplants x and z, the
potential one obtains [in the absence of (u, d, s, c, b) Yukawa couplings and electroweak gauge couplants] is just
Vxyz = π
2φ4
∞∑
n=0
xn
∞∑
k=0
yk
∞∑
ℓ=0
zℓ
n+k+ℓ−1∑
p=0
Lp Dn,k,ℓ,p = π
2φ4S (5.1)
where D0,0,0,0 = D1,0,0,0 = D0,0,1,0 = 0, D0,1,0,0 = 1. The leading logarithm (LL) portion of S is comprised of those
terms in Eq. (5.1) for which p = n+k+ ℓ−1. Thus coefficients Cn,k,ℓ in Eq. (2.2) are just coefficients Dn,k,ℓ,n+k+ℓ−1
in Eq. (5.1). Similarly the next-to-leading logarithm (NLL) portion of S is comprised of those terms in Eq. (5.1) for
which p = n+ k + ℓ− 2. The series S may be expressed as a power series in L ≡ log(φ2/v2) of the form (2.4):
S = (y +K) +BL+ CL2 +DL3 + EL4 + . . . (5.2)
where {BLL, CLL, DLL, ELL}, as obtained from the RGE (2.3) with one-loop RG functions, are given by Eqs. (7.2)–
(7.5) of ref. [6]. As in the SFTP case, the constant K in (5.2) corresponds to the aggregate contribution of purely-φ4
finite terms contributing to the potential (5.1) after infinities are removed:
K =
∞∑
p=2
p∑
n=0
p−n∑
k=0
xnykzp−n−kDn,k,p−n−k,0. (5.3)
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Thus the SFTP counterterm coefficients Tk,0 in the previous section correspond to coefficients D0,k,0,0 in Eq. (5.3).
However, Eq. (5.3) now includes terms not present in the SFTP version of K given by Eq. (3.4); Eq. (3.4) is just
the sum of the x = z = 0 subset of terms contributing to Eq. (5.3). Recall from Section 2 that K was found
numerically via Eqs. (2.5) and (2.6) to be equal to −0.057935 [5] from the leading logarithm version of the potential
(5.1). This is only a small departure from the value K = −0.058531 obtained from the SFTP potential (3.1). This
difference reflects the presence of additional finite φ4 terms. For example, the π2φ4y2T1,0 (= π
2φ4y2D0,2,0,0) term
associated with the post-subtraction contribution of the 1-loop divergent graph of Fig. 1 is now augmented by a
π2φ4x2D2,0,0,0 (≡ π2φ4x2U) term associated with the post-subtraction contribution of the 1-loop divergent graph of
Fig. 2.
λ λ
Figure 1: The divergent 1-loop graph leading to the finite π2T1,0y
2φ4 counterterm (T1,0 = D0,2,0,0)
g
t
g
t
g
t
g
t
Figure 2: The divergent 1-loop graph leading to the finite π2Ux2φ4 counter-term (U = D2,0,0,0).
As in the SFTP case, we approximate the full potential (5.1) via a series of successive approximations:
VLL = π
2φ4
[(
∞∑
p=1
p∑
n=0
p−n∑
k=0
xnykzp−n−kLp−1Dn,k,p−n−k,p−1
)
+K
]
, (5.4)
VNLL = π
2φ4
[(
∞∑
p=1
p∑
n=0
p−n∑
k=0
xnykzp−n−kLp−1Dn,k,p−n−k,p−1
)
+
(
∞∑
p=2
p∑
n=0
p−n∑
k=0
xnykzp−n−kLp−2Dn,k,p−n−k,p−2
)
+ K −
(
2∑
n=0
2−n∑
k=0
xnykz2−n−kDn,k,2−n−k,0
)]
(5.5)
VNqLL =π
2φ4
[(
q∑
m=0
∞∑
p=m+1
p∑
n=0
p−n∑
k=0
xnykzp−n−kLp−m−1Dn,k,p−n−k,p−m−1
)
+K −
(
q+1∑
p=2
p∑
n=0
p−n∑
k=0
xnykzp−n−kDn,k,p−n−k,0
)]
, (q ≥ 1),
(5.6)
where the final expression in Eq. (5.5) is just the two finite 1-loop φ4 post-subtraction terms associated with Figs. 1
and 2:
2∑
n=0
2−n∑
k=0
xnykzp−n−kDn,k,2−n−k,0 = T1,0y
2 + Ux2. (5.7)
Comparison of Eq. (5.6) to Eq. (5.1) through use of the definition (5.3) for K shows that the full potential Vxyz is
just the q →∞ limit of VNqLL : limq→∞ VNqLL = Vxyz, analogous to Eq. (4.5) for SFTP case.
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We now use the two loop RG functions to obtain the NLL contributions to the series S in Eq. (5.1). To do this,
we break these MS functions up into their known one-loop (1L) and two-loop (2L) components [12]:
γ = γ1L + γ2L, γ1L = 3x/4, γ2L =
3y2
8
− 27x
2
64
+
5xz
4
; (5.8)
βx = βx1L + βx2L, βx1L =
9
4
x2 − 4xz,
βx2L = −3
2
x3 − 3
2
x2y +
3
4
xy2 +
9
2
x2z − 27
2
xz2; (5.9)
βy = βy1L + βy2L, βy1L = 6y
2 + 3yx− 3
2
x2,
βy2L = −39
2
y3 − 9xy2 − 3
16
x2y +
15
8
x3 + 5xyz − 2x2z; (5.10)
βz = βz1L + βz2L, βz1L = −7
2
z2, βz2L = −13
4
z3 − xz
2
4
. (5.11)
We also break up the series coefficients in Eq. (5.2) into their LL and NLL contributions,
A ≡ y +K = y + (T1,0y2 + Ux2)+ . . . (5.12)
B = BLL +∆BNLL + . . . (5.13)
C = CLL +∆CNLL + . . . (5.14)
D = DLL +∆DNLL + . . . (5.15)
E = ELL +∆ENLL + . . . (5.16)
If we substitute the series (5.2) into the RGE (2.3) using the RG functions (5.8)–(5.11), we find that the cancellation
of O(L0) terms on the left hand side of (2.3) implies that
2BLL = βy1L − 4γ1L y. (5.17)
2∆BNLL = −2γ1LBLL + 2βx1LUx+ 2βy1LT1,0y + βy2L − 4γ1L (T1,0y2 + Ux2)− 4γ2L y. (5.18)
We see that from Eq. (5.17) that
BLL = 3y
2 − 3x2/4, (5.19)
consistent with the effective potential of Coleman and Weinberg [1]. Upon substituting Eq. (5.19) into (5.18) we find
that
∆BNLL =
(
−27
4
+
3T1,0
2
)
xy2 +
(
3
2
+
3U
4
)
x3 − (1 + 4U)x2z +
(
−21
2
+ 6T1,0
)
y3+
(
3
4
− 3T1,0
2
)
x2y. (5.20)
For O(L1) terms of the RGE (2.3) to vanish, we must have
4CL = −4γCL+ βx ∂B
∂x
L+ βy
∂B
∂y
L+ βz
∂B
∂z
L− 4γBL, (5.21)
hence that
4CLL = βx1L
∂BLL
∂x
+ βy1L
∂BLL
∂y
+ βz1L
∂BLL
∂z
− 4γ1LBLL (5.22)
and that
4∆CNLL =− 4γ1LCLL + βx1L ∂∆BNLL
∂x
+ βx2L
∂BLL
∂x
+ βy1L
∂∆BNLL
∂y
+ βy2L
∂BLL
∂y
+ βz1L
∂∆BNLL
∂z
+ βz2L
∂BLL
∂z
− 4γ1L∆BNLL − 4γ2LBLL.
(5.23)
Given our solution (5.19) for BLL and the 1L RG functions, one recovers the result [5, 6]
CLL = 9y
3 +
9
4
xy2 − 9
4
x2y +
3
2
x2z − 9
32
x3. (5.24)
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Given our solution (5.20) for ∆BNLL and the 1L and 2L RG functions in Eqs. (5.8)–(5.11), we find that
∆CNLL =
(
−621
8
+ 27T1,0
)
y4 +
(
27T1,0
2
− 225
4
)
xy3 +
(
−3T1,0
2
+
21
2
)
xy2z
+
(
3T1,0 − 9
2
)
x2yz +
(
−225T1,0
32
+
27
8
)
x2y2 +
(
23U
2
+
127
16
)
x2z2
+
(
−27
4
− 15U
4
)
x3z +
(
−45T1,0
16
+
351
32
)
x3y +
(
405
256
+
45U
64
+
9T1,0
16
)
x4.
(5.25)
The O(L2) terms in the RGE (2.3) vanish provided
6DL2 = −6γDL2 + βx ∂C
∂x
L2 + βy
∂C
∂y
L2 + βz
∂C
∂z
L2 − 4γCL2. (5.26)
Terms degree-4 in couplants cancel in Eq. (5.26) provided
6DLL = βx1L
∂CLL
∂x
+ βy1L
∂CLL
∂y
+ βz1L
∂CLL
∂z
− 4γ1LCLL. (5.27)
and terms degree-5 in couplants cancel provided
6∆DNLL =− 6γ1LDLL + βx1L ∂∆CNLL
∂x
+ βx2L
∂CLL
∂x
+ βy1L
∂∆CNLL
∂y
+ βy2L
∂CLL
∂y
+ βz1L
∂∆CNLL
∂z
+ βz2L
∂CLL
∂z
− 4γ1L∆CNLL − 4γ2LCLL.
(5.28)
If one substitutes CLL [Eq. (5.24)] into (5.27), one recovers Eq. (7.4) of ref. [6]:
DLL = 27y
4 +
27
2
xy3 − 3
2
xy2z + 3x2yz − 225
32
x2y2 − 23
8
x2z2 +
15
16
x3z − 45
16
x3y +
99
256
x4. (5.29)
Similarly, substitution of CLL and ∆CNLL [Eqs. (5.24) and (5.25)] into Eq. (5.28) determines ∆DNLL:
∆DNLL =
(
−801
2
+ 108T1,0
)
y5 +
(
−11547
32
+ 81T1,0
)
xy4 +
(
−12T1,0 + 147
2
)
xy3z
+
(
15T1,0
8
− 291
16
)
xy2z2 +
(
−23T1,0
4
+
75
4
)
x2yz2 +
(
−45
32
− 45T1,0
2
)
x2y3
+
(
177T1,0
16
− 33
8
)
x2y2z +
(
−877
32
− 115U
4
)
x2z3 +
(
3125
128
+
201U
16
)
x3z2
+
(
69T1,0
8
− 615
16
)
x3yz +
(
19323
256
− 2781T1,0
128
)
x3y2 +
(
−1023
128
− 135U
32
− 9T1,0
4
)
x4z
+
(
3825
256
+
45T1,0
128
)
x4y +
(
−1035
512
+
45U
64
+
81T1,0
64
)
x5
(5.30)
Finally, to cancel O(L3) terms in the RGE (2.3), we see that terms degree-5 in couplants cancel provided
8ELL = βx1L
∂DLL
∂x
+ βy1L
∂DLL
∂y
+ βz1L
∂DLL
∂z
− 4γ1LDLL, (5.31)
and that terms degree-6 in couplants cancel provided
8∆ENLL = − 8γ1LELL + βx1L ∂∆DNLL
∂x
+ βx2L
∂DLL
∂x
+ βy1L
∂∆DNLL
∂y
+ βy2L
∂DLL
∂y
+ βz1L
∂∆DNLL
∂z
+ βz2L
∂DLL
∂z
− 4γ1L∆DNLL − 4γ2LDLL.
(5.32)
Upon substitution of Eq. (5.29) into Eq. (5.31), we recover Eq. (7.5) of ref. [6]:
ELL =81y
5 +
243
4
xy4 − 9xy3z + 45
32
xy2z2 − 69
16
x2yz2 − 135
8
x2y3 +
531
64
x2y2z
+
345
64
x2z3 − 603
256
x3z2 +
207
32
x3yz − 8343
512
x3y2 − 459
512
x4z +
135
512
x4y +
837
1024
x5.
(5.33)
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Substitution of Eqs. (5.29) and (5.30) into Eq. (5.32) yields the corresponding NLL contribution to the series (5.2):
∆ENLL =
(
−55539T1,0
4096
+
1081377
8192
)
y2x4 +
(
2187T1,0
256
− 29133
2048
)
yx5 +
(
−125793
64
+ 405T1,0
)
y5x
+
(
1035U
64
+
105T1,0
16
+
111633
4096
)
x4z2 +
(
−1215T1,0
32
− 195939
1024
)
y4x2
+
(
4255U
64
+
38613
512
)
x2z4 +
(
−315U
64
− 207T1,0
32
+
17703
2048
)
x5z
+
(
−4509U
128
− 75315
1024
)
x3z3 +
(
−28323
16
+ 405T1,0
)
y6 +
(
4581
64
+
855T1,0
32
)
y3x2z
+
(
−31455T1,0
256
+
227529
512
)
y3x3 +
(
3231
8
− 135T1,0
2
)
y4xz
+
(
−3807
32
+
225T1,0
16
)
y3xz2 +
(
−28197
128
+
7191T1,0
128
)
y2x3z +
(
14847
512
− 1215T1,0
64
)
y2x2z2
+
(
3603
128
− 165T1,0
64
)
y2xz3 +
(
−35145
512
+
621T1,0
256
)
yx4z +
(
7323
64
− 2643T1,0
128
)
yx3z2
+
(
−93
2
+
345T1,0
32
)
yx2z3 +
(
−208629
32768
+
1485U
2048
+
1269T1,0
1024
)
x6
(5.34)
One could continue this procedure indefinitely to obtain O(L5), O(L6), etc NLL contributions to the series (5.2);
thus, one can in principle obtain the entire NLL contribution to the full potential Vxyz (5.1). However, we have
already seen that the conditions (2.5) and (2.6) are sensitive only up to O(L4) terms in the potential series S.
6 Yukawa Sector Corrections to SFTP Results
Since the scalar field couplant y(= λ/4π2) is the dominant couplant of the SM , with the t-quark Yukawa couplant
x(= g2t /4π
2) and the QCD couplant z(= g23/4π
2 = αs/π) characterizing the less dominant Yukawa sector of the
effective potential [z does not enter the effective potential unless x is nonzero], one test of order-by-order stability of
the effective potential is to augment the SFTP of Section 4 with LL contributions from the Yukawa sector. These
are given explicitly by Eqs. (5.19), (5.24), (5.27) and (5.33) of the previous section. Thus, we assume here that

B
C
D
E


y
NkLL
+{x,z}LL
=


B
C
D
E


{x,y,z}LL
+


∆B
∆C
∆D
∆E


NkLL SFTP
(6.1)
For example, the augmentation of the NLL SFTP with LL contributions from the Yukawa Sector leads to the
following series coefficients in Eq. (2.6)
B(y, T1,0) = 3y
2 − 3x
2
4
+ (6T1,0 − 21/2) y3, (6.2)
C(y, T1,0) = 9y
3 +
9
4
xy2 − 9
4
x2y +
3
2
x2z − 9
32
x3 + (27T1,0 − 621/8)y4, (6.3)
D(y, T1,0) =27y
4 + 27xy3/2− 3xy2z/2− 225x2y2/32− 23x2z2/8 + 15x3z/16
− 45x3y/16 + 99x4/256 + (108T1,0 − 801/2)y5
(6.4)
E(y, T1,0) =81y
5 + 243xy4/4− 9xy3z + 45xy2z2/32− 69x2yz2/16− 135x2y3/8 + 531x2y2z/64
+ 345x2z3/64− 603x3z2/256 + 207x3yz/32− 8343x3y2/512
− 459x4z/512+ 135x4y/512 + 837x5/1024 + (405T1,0 − 28323/16)y6,
(6.5)
The conditions (2.5) and (2.6) in conjunction with the prior determination of K = −0.057935 (see Sec. 2) enable
one to have two equations in the two unknowns T1,0 and y (or equivalently T1,0y
3 and y),
T1,0y
3 = − (y +K)
3
− y
2
2
+
x2
8
+
7y3
4
, (6.6)
y =
11
3
B(y, T1,0) +
35
3
C(y, T1,0) + 20D(y, T1,0) + 16E(y, T1,0). (6.7)
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Utilizing the values x(v) = 0.0253, z(v) = 0.0329, K = −0.05793, one finds that y(v) = 0.05351 and hence that
T1,0 = 2.5533. Note that these values are only small departures from the NLL SFTP , consistent with y being
the dominant SM couplant. One then finds from Eq. (2.9) that [V ′′(v)]
1/2
= 222 GeV, a 5 GeV decrease from the
NLL SFTP value of Table 1.
One can, of course, continue this procedure to k = {2, 3, 4} levels in Eq. (6.1). For example, if k = 2, the finite
counterterm coefficient T2,0 is obtainable from the minimization condition K = −B/2− y, where from Eq. (4.15),
B(y, T1,0, T2,0) = 3y
2 − 3x
2
4
+ (6T1,0 − 21/2)y3 − 9y4(495T1,0 − 220T2,0 − 2296)/220. (6.8)
One can similarly utilize Eqs. (4.16), (4.17) and (4.18) for C(y, T1,0, T2,0), D(y, T1,0, T2,0), and E(y, T1,0, T2,0), re-
spectively, in order to express the fourth derivative condition (2.6) as
y =
11
3
B(y, T1,0, T2,0) +
35
3
C(y, T1,0, T2,0) + 20D(y, T1,0, T2,0) + 16E(y, T1,0, T2,0). (6.9)
Given the prior determination of T1,0 = 2.5533,K = −0.05793, and given the physical couplant values x(v) = 0.0253,
z(v) = 0.0329, Eqs. (6.8) and (6.9) represent two equations in the two unknowns y, T2,0. The smallest positive real
solution for y is y = 0.05362, in which case T2,0 = −8.1744 and, from Eq. (2.9), V ′′(v) = (219.5 GeV)2, results almost
identical to the SFTP results of Section 4 [T2,0 = −8.1770, yN2LL = 0.05392, V ′′(v) = (225GeV)2].
One can continue this procedure through two subsequent orders of the SFTP . The results one obtains are
tabulated in Table 2. These results exhibit stability about y = 0.054, [V ′′(v)]1/2 ∼= 221 GeV through four subleading
orders in y.
k y(v) Tk,0 [V
′′(v)]
1/2
(GeV)
0 0.05383 1 215.8
1 0.05351 2.5533 221.7
2 0.05362 -8.1744 219.5
3 0.05355 83.190 221.3
4 0.05338 -982.21 223.6
Table 2: Perturbative stability of results inclusive of NkLL contributions to the effective potential from the dominant
couplant y(v) ≡ λ(v)/4π2 augmented by LL contributions from the t-quark Yukawa couplant x(v) ≡ g2t (v)/4π2 and
z(v) = αs(v)/π.
We conclude this section by developing a fully NLL set of predictions in the couplants {x, y, z}. To begin, we
note that the additional terms involving x and z contributing to B to NLL order are
∆BNLL = ∆BSFTP +∆xB (6.10)
∆xB =
(
−27
4
+
3T1,0
2
)
xy2 +
3
2
x3 − x2z + 3
4
xy2 + U
[
3x3/4− 4x2z] . (6.11)
In the above expression, one sees that ∆xB → 0 as the t-quark Yukawa couplant x goes to zero.
Similarly, we can write
∆CNLL = ∆CSFTP +∆xC, (6.12)
∆DNLL = ∆DSFTP +∆xD, (6.13)
∆ENLL = ∆ESFTP +∆xE. (6.14)
By subtracting from Eqs. (5.25), (5.30), and (5.34) the explicitly NLL SFTP contributions to Eqs. (4.9), (4.10) and
(4.11), the NLL contributions to C, D and E arising entirely from the Yukawa sector are given by
∆xC = ∆CNLL − y4 (27T1,0 − 621/8) , (6.15)
∆xD = ∆DNLL − 9y5 (−89 + 24T1,0) /2, (6.16)
∆xE = ∆ENLL − 27y6 (240T1,0 − 1049)/16. (6.17)
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Now, if one uses only NLL expressions for {B,C,D,E}SFTP in Eqs. (6.11)–(6.14), one finds that


B
C
D
E

 =


BLL
CLL
DLL
ELL

+


∆B
∆C
∆D
∆E


SFTP
+


∆xB
∆xC
∆xD
∆xE

 =


BLL +∆BNLL
CLL +∆CNLL
DLL +∆DNLL
ELL +∆ENLL

 , (6.18)
thereby recovering the series coefficients within Eq. (5.2) for the potential VNLL (5.5), as calculated in the remainder
of Section 5.
Applying the minimization condition (2.5) to these series coefficients leads to an explicit expression for the
unknown finite counterterm coefficient U associated with the finite part chosen from Fig. 2:
U =−
[
y3 (24T1,0 − 42) + xy2 (6T1,0 − 27) + x2y (−6T1,0 + 3) + 6x3 − 4x2z
+ 12y2 − 3x2 + 8(y +K)
]
/
[
x2(−16z + 3x)] .
(6.19)
We already know that K = −0.057935 from the LL calculation of refs. [5, 6]. We also have the NLL results that
T1,0 = 2.5533, as obtained prior to “turning on” NLL Yukawa sector contributions ∆x{B,C,D,E}. Given physical
values (2.1) for x and z, we see that Eq. (6.19) is a relation expressing the finite counterterm coefficient U (= D2,0,0,0)
as a function of the only remaining unknown y. We substitute Eq. (6.19) to eliminate U from ∆BNLL (5.21), ∆CNLL
(5.26), ∆DNLL (5.31) and ∆ENLL (5.34). We then find from substituting Eq. (6.18) into the condition (2.6) that
y is the solution of a degree-six polynomial equation. The only viable solution to this equation (i.e., the smallest
real positive root) is y(v) = 0.05311, in which case we see from Eq. (6.19) that U = −17.306. Substituting these
numerical values into BLL (5.20), ∆BNLL (5.21), CLL (5.25) and ∆CNLL (5.26), the running Higgs boson mass to
NLL order in the three dominant electroweak couplants {x, y, z} is found from Eq. (2.9) to be [V ′′NLL(v)]1/2 = 227.8
GeV. This is to be compared with the 216 GeV LL result for these same three couplants; similarly the NLL value
y = 0.0531 is a controllable departure from the LL result y = 0.0538 [5, 6] discussed in Section 2. Thus, the fully
NLL extension of the LL results for Vxyz presented in refs. [5, 6] lead to a very modest decrease in y(v) and a 5%
increase in the running Higgs boson mass, indicative of order-by-order stability of Vxyz.
7 Discussion
7.1 Turning on the Electroweak Gauge Couplants
As noted in Section 2, the leading-logarithm contributions of the electroweak gauge coupling constants g2(v) and
g′(v) to {B,C,D, and E} are listed in the Erratum to ref. [6], where they are denoted as ∆ewB, ∆ewC, ∆ewD and
∆ewE. The aggregate φ
4 countertermK is altered as well, as indicated in Eq. (2.11). To incorporate these additional
(algebraically lengthy) corrections into the potential of the previous section, we modify the LL expression for B to
include electroweak gauge coupling constant contributions
BLL = 3y
2 − 3x
2
4
+ ∆ewB, (7.1)
∆ewB =
3
64
s2 +
9
64
r2 +
3
32
rs. (7.2)
We find from condition (2.5) for the LL analysis inclusive of ∆ewC, ∆ewD and ∆ewE that K = −0.058703 [6]. One
can then repeat the analysis of the previous section to include the LL electroweak couplings and Yukawa couplings,
in conjunction with the NkLL scalar field theory projection of the effective potential. The results of this analysis
are listed in Table 3.
As is evident from the table, both y(v) and the running Higgs boson mass are very stable as higher-order
contributions from y alone are incorporated. Moreover, the O(yk+1φ4) finite counterterm coefficients Tk,0 are found
to be virtually the same as these coefficients in Table 1, for which the subleading SM couplants {x, z, r, s} are
assumed to be zero.
The calculation to NLL order in {x, y, z} in the previous section can also be supplemented with LL contributions
from the gauge couplants {r, s}, since r(v) = 0.0109, s(v) = 0.00324 are substantially smaller than x(v) = 0.0253,
16
k y(v) Tk,0 [V
′′(v)]1/2 (GeV)
0 0.05448 1 218.3
1 0.05415 2.5603 224.4
2 0.05426 -8.1773 222.1
3 0.05419 83.195 224.0
4 0.05406 -1191.8 225.5
Table 3: yNkLL+{x, z, r, s}LL; i.e. results for the kth subleading order of the SFTP augmented by leading logarithm
contributions from the Yukawa couplant x, the QCD couplant z, and the SU(2)× U(1) gauge couplants r and s.
z(v) = 0.0329, y(v) ∼= 0.054. Given the prior determinations of K = −0.058703 and T1,0 = 2.5603 [Table 3], one
finds that U = −17.857, only a small departure from the value (−17.31) obtained in the last section, and that
y(v) = 0.05374, [V ′′(v)]1/2 = 230.7 GeV.
7.2 The Next Order Physical Higgs Mass
Unlike the case of conventional spontaneously broken symmetry (CSB), the Lagrangian for radiatively broken sym-
metry (RSB) does not contain a primitive φ2 term. This means that an approach involving the next-order calculation
of momentum-independent contributions from the Higgs boson self-energy is not viable, as counterterm subtractions
of infinity cannot occur. Instead, the next-order Higgs boson inverse propagator mass term, as in ref. [13], must
remain the next-order expression V ′′eff (v). The kinetic term for the inverse propagator can be worked out by analogy
to the RG-analysis of the kinetic term extracted by Politzer [14] for the massless gauge boson propagator. This
kinetic term may be written as
Γ(p, µ) =
[
1 + C(x, y, z, r, s) log
(
p2
µ2
)]
p2 (7.3)
where[
µ
∂
∂µ
+
(
βx
∂
∂x
+ . . .+ βs
∂
∂s
)
− 2γφ(x, y, z, r, s)
]
Γ(p, µ) = 0 (7.4)
Our sign for the anomalous dimension differs from Politzer’s because our RG equation (2.3) is consistent with a
negative sign
µ
dφ
dµ
= −φγφ (7.5)
in the chain rule decomposition of µ ddµF (x, y, z, r, s;µ;φ). In ref. [15]’s seminal calculation, Politzer calculated the
analog coefficient to C [Eq. (7.3)] in the massless gauge boson propagator, in order to determine the corresponding
anomalous dimension γA. In our case γφ is known. Lowest-order application of Eq. (7.4) onto Eq. (7.3) yields
C(x, y, z, r, s) = −γφ = −
(
3x(µ)/4− 9r(µ)/16− 3s(µ)/16 +O(y2)) . (7.6)
Thus the full next-order inverse propagator for the Higgs field, with µ chosen to be equal to the vev v is given by
Γ(p2, v) =
[
1− [3x(v)/4− 9r(v)/16− 3s(v)/16] log
(
p2
v2
)]
p2 − V ′′eff (v). (7.7)
The zero of Eq. (7.7) corresponds to the physical Higgs boson massmH , the Higgs propagator pole: Γ(m
2
H , v) = 0.
3
One finds this value to be reduced by only 0.2 − 0.3 GeV from values of V ′′eff (v) between 220 and 231 GeV for the
physically known values x(v) = 0.0253, r(v) = 0.0109, s(v) = 0.00324 of the running Yukawa and SU(2) × U(1)
gauge couplants. Thus the next-order physical Higgs boson mass is effectively the same thing as our next order
determination of V ′′eff (v), largely because of the near proximity of V
′′
eff (v) with the magnitude of the vev itself
(v = 246.2 GeV).
3As has been borne out in other contexts [16] we assume this propagator pole to be gauge independent.
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7.3 Large Coupling Phenomenology
One of the distinguishing features of radiative symmetry breaking (RSB) over conventional symmetry breaking (CSB)
is the large value of the quartic scalar field couplant y (= λ/4π2) for the former case. In CSB, a large value of λ
necessarily implies a large Higgs boson mass, as well as the Goldstone boson equivalence theorem [17, 18]. This
theorem implies that processes in the large λ limit, such as H → (W+W−, ZZ) or W+W− → (W+W−, ZZ) are
dominated by their equivalents within the Goldstone/Higgs sector, as defined by the complex scalar doublet
φ =
(
w−
(φ3 − iz)/
√
2
)
, φ+ =
(
w+
(φ3 + iz)/
√
2
)
, (7.8)
where
φ+φ =
(
w+w− +
(
φ23 + z
2
)
/2
) ≡ (φ21 + φ22 + φ23 + φ24) /2 = Φ2/2 (7.9)
when expressed in terms of real scalar fields
(
w− = (φ1 − iφ2) /
√
2, z = φ4
)
. We choose the convention that φH =
φ3 − v is the physical Higgs field; i.e., that φ3 is the component of the Higgs doublet which acquires a non-zero
vacuum expectation value through spontaneous or radiative symmetry breaking.
Curiously, we have found almost a complete overlap of Higgs/Goldstone sector predictions in CSB and RSB,
despite an earlier erroneous claim on our part [5].
Let us begin with the CSB tree potential
VCSB = −M2φ+φ+ λ(φ+φ)2 = −M
2
2
Φ2 +
λ
4
(
Φ2
)2
. (7.10)
The minimum of this potential occurs at v =
√
M2/λ where m2H = 2M
2. Consequently, we obtain the CSB value of
λ = m2H/2v
2. One finds from the Goldstone/Higgs sector (as would be applicable to the following processes were λ
large) that leading contributions to the following CSB amplitudes are given by:
H → ZZ : T (φH → zz) ≡ ∂
3VCSB
∂φH∂z2
∣∣∣∣
φH=φ1=φ2=z=0
= 2λv = m2H/v (7.11)
H →W+W− : T (φH → w+w−) ≡
(
∂3VCSB
∂φH∂φ21
+
∂3VCSB
∂φH∂φ22
)
φH=φ1=φ2=z=0
= 4λv = 2m2H/v (7.12)
W+W− → ZZ : T (w+w− → zz) ≡ ∂4VCSB
∂w+∂w−∂z2
∣∣∣∣
w±=z=φH=0
= 2λ = m2H/v
2 (7.13)
W+W− →W+W− : T (w+w− → w+w−) ≡ ∂4VCSB
(∂w+)2(∂w−)2
∣∣∣∣
w±=z=φH=0
= 4λ = 2m2H/v
2 (7.14)
W+W− → HH : T (w+w− → φHφH) ≡ ∂4VCSB
∂w+∂w− (∂φH)
2
∣∣∣∣∣
w±=z=φH=0
= 2λ = m2H/v
2 (7.15)
HH → HH : T (φHφH → φHφH) ≡ ∂
4VCSB
(∂φH)4
∣∣∣∣
w±=z=φH=0
= 6λ = 3m2H/v
2. (7.16)
For the case of RSB , the effective potential is
VRSB = π
2(Φ2)2(A+BL+ CL2 +DL3 + EL4 + · · · ) (7.17)
where
L = log
(
2φφ+
v2
)
= log
(
Φ2
v2
)
, (7.18)
and where minimization requires that A = −B/2. In addition, we have from Eq. (2.9) that to lowest order
m2H =
∂2VRSB
∂φ2H
∣∣∣∣
φ1=φ2=φH=φ4=0
= 8π2v2(B + C) (7.19)
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The corresponding lowest order Higgs/Goldstone amplitudes for the RSB case to those presented in Eqs. (7.11)–(7.16)
are
H → ZZ : T (φH → zz) ≡ ∂
3VRSB
∂φH∂z2
∣∣∣∣
φH=φ1=φ2=z=0
= 4π2v(2A+ 3B + 2C) = 8π2v(B + C) =
m2H
v
, (7.20)
H →W+W− : T (φH → w+w−) ≡ ∂
3VRSB
∂φH∂φ21
+
∂3VRSB
∂φH∂φ22
∣∣∣∣
φH=φ1=φ2=z=0
= 16π2v(B + C) = 2m2H/v (7.21)
W+W− → ZZ : T (w+w− → zz) ≡ ∂
4VRSB
∂w+∂w−∂z2
∣∣∣∣
w±=z=φH=0
= 8π2(A+ 3B/2 + C) = 8π2(B + C) = m2H/v
2
(7.22)
W+W− →W+W− : T (w+w− → w+w−) ≡ ∂
4VRSB
(∂w+)2(∂w−)2
∣∣∣∣
w±=z=φH=0
= 8π2(2A+ 3B + 2C) = 16π2(B + C) = 2m2H/v
2
(7.23)
W+W− → HH : T (w+w− → φHφH) ≡ ∂
4VRSB
∂w+∂w−(∂φH)2
∣∣∣∣
w±=z=φH=0
= π2 (8A+ 28B + 56C + 48D)
= 24π2 (B + C) + π2 (32C + 48D) = 3m2H/v
2 + π2 (32C + 48D)
(7.24)
HH → HH : T (φHφH → φHφH) ≡ ∂
4VRSB
∂φ4H
∣∣∣∣
w±=z=φH=0
= 24π2
(
A+
25
6
B +
35
3
C + 20D+ 16E
)
= 24π2
(
11B
3
+
35C
3
+ 20D+ 16E
)
= 24π2y = 6λRSB.
(7.25)
The results (7.20)–(7.25) all utilized A = −B/2 [Eq. (2.5)] as well as Eq. (7.19) for the RSB Higgs mass. Note
that RSB results from Eqs. (7.20)–(7.23) are in complete agreement with corresponding leading order CSB results
from Eqs. (7.11)–(7.14). The result (7.25) makes additional use of Eq. (2.6) for the quartic couplant y. Since
λRSB ∼= 5λCSB, we see that lowest-order Higgs-Higgs scattering will be enhanced by a factor of 25 in the RSB
scenario. The RSB amplitudeW+W− → HH is enhanced by more than a factor of 3 from the CSB amplitude as well.
If one substitutes the leading-logarithm SFTP coefficients B = 3y2, C = 9y3, D = 27y4 with y = λRSB/4π
2 = 0.0541
[see the discussion at the beginning of Section 3] into Eqs. (7.19) and (7.24), then mH = 221GeV, and the final line
of (7.24) is numerically equal to 2.98. By contrast, the corresponding CSB amplitude is found from Eq. (7.15) when
mH = 221GeV to have a numerical value of 0.807. Thus the RSB amplitude is seen to be enhanced by a factor of
2.98/0.807 = 3.7 relative to the CSB amplitude [19].
These leading-logarithm SFTP results are corroborated by the leading-logarithm effective potential inclusive of
the subdominant Standard Model couplants x(v) = g2t /4π
2, z(v) = αs/π, r(v) = g
2
2/4π
2, s(v) = g′2/4π2. The RSB
Higgs boson mass is now 218GeV (Table 3). The coefficients C and D are respectively found to be 0.00152 and
0.000256, and the numerical value of the final line of Eq. (7.24) is 2.96. For CSB with the same Higgs mass (218GeV),
the numerical value of the same amplitude (7.15) is 0.785. Thus, the Higgs/Goldstone sector scattering amplitude
associated withW+LW
−
L → HH is enhanced in RSB over CSB by a factor of 2.96/0.785 = 3.8 in close agreement with
the leading logarithm SFTP. Identical enhancements characterize the Higgs/Goldstone sector amplitudes ZZ → HH .
However, as noted above, all other amplitudes considered are found to be the same to lowest order in CSB and RSB
scenarios. In particular, the Higgs widths H → ZZ, H → W+W− do not differ to lowest order in CSB and RSB
scenarios [19].
Suppose a Higgs boson of mass 220GeV were found in near-future collider experiments, as predicted by radiatively-
broken symmetry. This mass in and of itself would not be a confirmation of the radiative mechanism, as the Higgs
boson mass is not determined by CSB and could fortuitously have the same empirical value as in radiatively-
broken electroweak symmetry breaking. However, if the scattering processes σ
(
W+L W
−
L → HH
)
, σ (ZZ → HH),
σ (HW → HW ) were found to be enhanced from CSB expectations by an order of magnitude, such an enhancement
in conjunction with the 220GeV Higgs boson mass would be a strong signal that electroweak symmetry is broken
radiatively rather than conventionally.
7.4 Methodology
The salient result presented in this paper for radiative electroweak symmetry breaking is the manifest controllability
of corrections to the scalar-field self-coupling y(v) (= λ(v)/4π2) and the running Higgs boson mass [V ′′(v)]
1/2
when
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contributions of sequentially subleading logarithms are incorporated into the effective potential’s perturbative series.
Such contributions are obtained from higher-than-one-loop terms in the renormalization-group equation. Indeed, it
was noted by Coleman and Weinberg [1] that the one-loop effective potential they obtained diagramatically could
have also been obtained directly via the renormalization group (“Callan-Symanzik”) equation. This is demonstrated
explicitly in Ref. [5].
However, the full set of leading logarithm contributions [as opposed to just the one-loop logarithm term] to the
radiatively broken effective potential expressed in terms of the Standard Model’s largest couplants {x, y, z} can also
be obtained from one-loop RG functions [5]. In Sections 5 and 6 of the present paper, particularly as summarized in
Eq. (6.9), these results are extended to next-to-leading logarithm order through use of the {x, y, z}-sensitive portions
of the Standard Model’s two-loop RG functions, an advance in its own right in the formulation of radiative electroweak
symmetry breaking.
We are aware of the unconventional methodology of the paper in establishing the values of RG-inaccessible finite
φ4 counterterms. The successive approximations to the full effective potential series delineated by equations (5.4)–
(5.6) for the dominant Standard Model couplants {x, y, z}, or alternatively the successive approximations (4.1)–(4.4)
to the full SFTP potential, are imposed upon us because the aggregate φ4 coefficient K is itself O(|y|) in magnitude
by virtue of the minimization condition (2.5). A conventional perturbative approach, in which K might be identified
as simply a next order O(y2) coefficient is simply not feasible. Coleman and Weinberg [1] were able to escape
this conundrum only by assuming (as appropriate to the time of their paper) that “wrong sign” Yukawa couplant
contributions to the effective potential were small, enabling y (or λ) to be an O(g42) quantity. Such is not the case
for the true Standard Model, as pointed out in Section 1. Thus the successive approximations in which K is defined
to be a sum of φ4 counterterms [Eqs. (5.3) and (3.4)] appear to be the only field-theoretically consistent way to
reconcile an O(|y|) magnitude for K.
Of course K itself and its constituent φ4 coefficients in Eq. (5.3) are necessarily determined via a sequential
procedure of consistently applied renormalization conditions, for which we have chosen repeated applications of Eqs.
(2.5) and (2.6). On the face of things, this procedure does not appear to be equivalent to order-by-order perturbative
subtraction schemes, such as MS. For such approaches to be viable, successive finite counterterms must be “next
order.” Since K, the first of these, is itself O(|y|) in magnitude, any perturbative approach identifying K with an
O(y2) coefficient is inappropriate. By contrast, the approach delineated in Eqs. (5.4)–(5.6) and Eqs. (4.1)–(4.4)
converges on the full effective potential series via summation of successively subleading-logarithm contributions
generated by their lead terms, namely successively higher-order purely-φ4 terms within the potential [e.g. Tk,0y
k+1
is the φ4 coefficient that serves as the lead term of the summation yk+1Sk(yL) in Eq. (3.8)]. All such φ
4 coefficients,
however, are included in the aggregate coefficient K common to every approximation [e.g. Eq. (3.4) and Eqs.
(4.1)–(4.4)].
Since K is indeed an O(|y|) quantity by virtue of the opposite-sign t-quark’s contribution swamping the O(g42)
contribution to the first leading logarithm of the effective potential, such successive approximations appear to be the
only way we have been able to find to formulate a “large couplant” version radiative symmetry breaking. Indeed,
the approach we have developed constrains the effective potential
1) to maintain a minimum at the physical electroweak vacuum expectation value v = G
−1/2
F 2
−1/4 = 246.2 GeV,
2) to satisfy a renormalization group equation [Eqs. (2.3) and, for the SFTP case, Eq. (3.5)] whose perturbative
β- and γ-functions are calculated via MS,
3) to maintain a consistent definition (2.6) of the scalar-field self-interaction couplant y at the µ = v scale, and
4) to generate predictions for the scalar field self-coupling λ (or y = λ/4π2) and the running Higgs boson mass
[V ′′(v)]1/2 that are both reasonable in magnitude [y = 0.05 is sufficiently small for the RG functions (3.6) and
(3.7) to decrease term-by-term in magnitude] and stable under subsequent subleading-logarithm corrections.
Point 2 above is of particular importance — our approach is rendered consistent with MS by construction.
We reiterate that the discovery of a Higgs boson mass in the 220 GeV region, as indicated in Section 6, is not in
itself a definitive confirmation of radiative electroweak symmetry breaking. Such a discovery would clearly point to
radiative symmetry breaking only if accompanied by evidence for an anomalously large scalar field self-interaction
coupling constant— i.e., a λ five to six times larger than the conventional symmetry breaking prediction λ =M2H/2v
2.
We have argued that such enhancements would manifest themselves in Higgs-Higgs scattering and, to a lesser extent,
in scattering processes such as W+W− → HH , ZZ → HH . However, no such enhancements are evident in lowest
order expressions for the Higgs width or in processes such asWW → ZZ,WW with Higgs/Goldstone sector analogs.
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